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FACTORIZATION OF A SPECIAL POLYNOMIAL
OVER A FINITE FIELD

L. CARLITZ

Let q = pz, where p is a prime and z ^ 1, and put r = qn,
n^l. Consider the polynomial

F{x) = x^+ί -h a?-1 -f 1 .

Mills and Zierler proved that, for q = 2, the degree of every
irreducible factor of Fix) over GF(2) divides either 2n or 3n.
We shall show that, for arbitrary q, the degree of every irre-
ducible factor of F(x) over GF(g) divides either 2n or 3n.

We shall follow the notation of Mills and Zierler [1]. Put

(1.1) K = GF(r) , L = GF(r2) , M = GF(r") .

The identity

(̂ (2,+Dr + χ(r-l)r + 1) _ X^X2^ + X^ + 1)

- (af2-1 - l)(αf2 + r + 1 - 1)

is easily verified. Since

(x2r+1 + xr~ι + l ) r = xi2r+1)r + x{r~ι)r + 1 ,

it is clear that

(1.2) Fr(x) - xr2-*F(x) = {x*-1 - l)(xr2+r+1 - 1) .

Let F{a) = 0, where a lies in some finite extension of GF(q). Then

by (1.2)

(a*2-1 - l)(ar2+r+1 - 1) ,

or*-1 - 1 - 0

so

(1.

or

(1

that

.3)

.4)

Clearly

either

(1.4) implies

a'*-1 - 1 = 0 .

Hence a lies in either L or ikf.
Assume α e ίΓ. Then α r = α, so that F(α) = 0 reduces to
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