
SOME THEOREMS ON THE SCHUR DERIVATIVE

L. C A R L Ϊ T Z

1. Introduction. Given the sequence { am \ and p ^ 0, Schur [ 5 ] defined the

derivative a' by

( 1 . 1 ) < = Δαm = (am + ι -am)/pm + ι;

higher derivatives are defined by means of

a^"ιh α ( o ) - aam ) , am - am .α - a
am - am

In particular if p is a prime, a an integer and am = aP , then by Fermat's theorem

is integral. Schur proved that if p \ α, then also the derivatives

are all integral. Moreover if αj = 0 (mod p) then all the derivatives ΔraP are

integral, while if αj ^ 0 (mod p) then every number of &PaP has the denomi-

nator p.

A. Brauer [ l ] gave another proof of Schur's results. About the same time

Zorn [6] proved these results by p-adic methods and indeed proved the follow-

ing stronger theorem. For x = 1 (mod p), define

and as above let SrXm denote the r-th derivative of Xm; then

u.2> « „ . <P-»<^»•••<••'-•> A ϊ . ( r

provided r < p; for r < p - 2, the congruence (1.2) holds (mod p m + 1 ) . It is also

shown that Schur's theorem is an easy consequence of Zorn's results.
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