EIGENVALUES OF CIRCULANT MATRICES

RicHARD S. VARGA

1. Introduction. The integral equations
(D) u(zj) = A éA(z,Zj)u(z)dq+®(Zj),

where C is a smooth closed curve, and
A(z,z]~) =darg(z -—z]')/dq,

has many important applications. Thus [6], iteration of (1) gives a solution

for the conformal mapping problem for the interior and exterior of C.

In numerical work, the rate of convergence of such iterations depends on the
eigenvalues of the integral operator 4 (z,z;). It is known that the absolute
values of the nontrivial * eigenvalues of the integral operator 4(z, z;) are less

than one. A recent paper [ 1] gives a sharper bound to the eigenvalues.

However, in numerical computation, equation (1) must be replaced [6] by a

discrete equation of the form

N
(2) ur+1(zj) = A Z:Ajkur(z]')+®(z]-).
k=1

This makes it important to know the relation between the eigenvalues of 4(z, z})

and those of the matrix 4; .

We determine this relation below in the special case that C is an ellipse.
In particular, we show that the eigenvalues of 4;; approach N/2 times those
of A(z,zj) with exponential convergence. Since trapezoidal integration based

on trigonometric interpolation gives exponential accuracy, this fact is probably

It is easy to verify that for the eigenfunction u(z) = 1, we have the simple eigen-
value unity. By the nontrivial eigenvalues of 4(z, z;), we mean all other eigenvalues.
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