
ON EIGENVALUES OF SUMS OF NORMAL MATRICES

H E L M U T W I E L A N D T

1. Problem, notations, results. A well-known theorem due essential ly to

Bendixson [ l , Theorem I I ] s ta tes that if X and Y are hermitian nxn matrices

with eigenvalues

ζγ <_ ζ2 <_ <̂  ζn and η ι <C 77 2 <̂  <_ η^ ,

then every eigenvalue λ of X + iY is contained in the rectangle

What is the exact range of λ, for given ζv and ηv? We shall solve the following

slightly more general problem, referring to normal instead of hermitian matrices.

Let Cί i, , Cί̂ j, βι9 9 β be given complex numbers. Describe geometrically

the set A of all numbers λ which may occur as eigenvalues of A + B, where A

and B run over all normal nxn matrices with eigenvalues OC i, , CXn and

βί9 *, βn respectively.

To state the results concisely let us denote by the terms circular region and

hyperbolic region every set of complex numbers ζ + iη which may be described,

using some real constants α, bf c9 d9 by

(1) aξ+bη + c{ξ2± η2)+d > 0 .

where + refers to the circular, - to the hyperbolic case. We denote by \ Qiv\

and \βv\ύie sets whose elements are Cίi, ,(Xπ and β ^ , / ^ respectively.

For every two sets Γ, Δ of complex numbers we denote by Γ 4- Δ the set whose

elements are all γ 4- δ, where y G Γ , 8 € Δ. Our main result is

THEOREM 1. // Oli, •••, 0Cπ, βι9 ,βn are arbitrary complex numbers,

then the set A defined above can be represented as an intersection:
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