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1. Introduction. The object of this paper is to generalize, by
means of an approach due to S. Karlin [9], a theorem originally obtain-
ed by Bellman, Harris and Shapiro [1] which may be stated in the fol-
lowing way:

A system is considered whose state may be described by a point ¢
in the interval [0, 1]. A probability measure g is given for the initial
state of the system. At the end of each unit interval of time, one of
the transformations A4,, A4; is applied to the state ¢ with probabilities
bu(t), ¢i(t) respectively, where ¢ (t)+ ¢(¢)=1. The transformations are
defined by

(1.1) At=At, Ai=it+1—-2), 02, 4, <1.
The assumption is made that
(1.2) put)=1-¢, ¢’1(t)=t .

It is clear that (1.1) and (1.2) ensure that the end-points of the interval
[0, 1] are absorbing, that is, if the state of the system is either 0 or 1,
it remains so. Let Tu be the probability measure at the end of the
first unit interval. It is then proved that as n — o, 7™y (that is, the
probability distribution for the state of the system at time n) converges
in distribution to a distribution concentrated at the points 0, 1 and the
form of this limiting distribution which depends on p is obtained.

The motivation for the consideration of such a system arose from
certain learning models introduced by Bush and Mosteller. These are
deseribed in detail in their recent book [2]. (Condition (1.2) means that
the state of the system may be identified with the probability of ap-
plying 4,).

The methods used in [1] to obtain the convergence of 7™u are pro-
babilistic. Karlin [9] considers the space of continuous functions on the
unit interval and obtains a bounded operator U on this space whose ad-
joint is T. A convergence theorem is obtained for U" and the result
is translated into the adjoint space (that is, the space of measures) to
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1 Karlin also considers boundary cases where 4;, 4; may be 1.

1107



