ON THE CONSTRUCTION OF R-MODULES AND RINGS
WITH POLYNOMIAL MULTIPLICATION

Ross A. BEAUMONT AND J. RICHARD BYRNE

1. Introduction. Let R be a ring and let R* be the additive group
of R. If R*=S,PS.P---PS, is a direct sum of subgroups S;, then
each element of R can be written as an n-tuple (s, s, =--, S»), 8;€S,,
1=1, 2, +++, n, and multiplication in R is given by n mappings

ot SixSyx oo xS, x8 xS, x-+-x8,—>R*, k=1,2, 4, n,

where fi(s;, 8yy <+, 8y ti, &y, = -+, £,) is the k-th component of the product
(815 82y ***y 8p)-(ty, Ly =+ -, t,). The distributive laws in R imply that the
mappings f; are additive in the first » and in the last n arguments. If
S, S,, +-+, S, are ideals in R, then

fk(sly Sz, teey Spy Ty by v e ey tn)zslutk, k=1, 2, e, n,

which is a homogeneous quadratic polynomial with integral coefficients in
the arguments.

If R is a commutative ring with identity, and if M is a free (left)
R-module with basis e, ¢, ---, ¢,, then M is an algebra over R if and

only if there exist elements 7,,,€ R such that multiplication in M is
defined by

(E Siei> : (2 tj@.i)= > TinSitsen -
i=1 =1 i,jk=1
The k-th coordinate of the product,
flu(sly Syy * 0y Sny tly t:r ctty tn)ziJZ:AlTiﬂuSitJ ’
is a mapping

2n
fit R XR* X+ XxR*— R*

which is additive in the first » and last » arguments, and which is a
homogeneous quadratic polynomial with coefficients in R in the argu-
ments.

These examples suggest the investigation of polynomial mappings
with the indicated additive properties, and a discussion of the problem
of constructing R-modules and rings which have an additive group which
is the direct sum of ideals of a ring R, and for which the multiplication
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