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l Introduction. In his paper [19], S. Mazur stated two results
concerning real normed algebras. The first of these, which asserted
that the only normed division algebras over the real field were the real
field, the complex field, and the division ring of real quaternions, was
essentially proved by Gelfand in [10] and by Lorch in [17]. Elementary
proofs of that result have also been given by Kametani [13] and Torn-
heim [26], while generalizations in various directions have been given
by Kaplansky [16], Arens [4] and Ramaswami [23].

The second of the results given by Mazur was that a real normed
algebra such that ||a2/|| = ||a?|| \\y\\ for all x and y mnst again be isomor-
phic to the real field, the complex field, or the division ring of real
quaternions. This result was generalized in [8] by R.E. Edwards, who
showed that the same conclusion holds for a Banach algebra under the
weaker hypothesis that \\x\\ Har^lHl for all elements x which have in-
verses x'1. A. A. Albert has also obtained results in [1], [2] and [3]
similar to the second of Mazur's results.

In this paper, the second result of Mazur is generalized for certain
types of metric rings. It is shown in section 6 that such rings must
be division rings if the condition ||#2/|| = |M| I Ml for all x and y holds.
Similar results hold under the weaker assumption that ||a?|| Har^Hl for
every element x which has an inverse x"\ Under suitable additional
conditions on the metric rings under discussion, it is shown in § 7 that
the results just mentioned may be strengthened to assert that the ring
is not only a division ring but is isomorphic to the real field, the com-
plex field, or the division ring of real quaternions. Finally, the results
on metric rings are applied to real normed algebras to obtain the results
of Mazur and Edwards under weaker assumptions.

The author is deeply indebted to Professor E. R. Lorch of Columbia
University for his invaluable guidance in the preparation of this paper;
heartfelt thanks are also due to Professor Lorch and to Professor Leo
Zippin of Queens College for their kindness in reading and criticizing
the manuscript.

2. Topological rings, metric rings, regular and singular elements*
We shall first introduce some pertinent definitions and recall some ele-
mentary results concerning topological rings and metric rings. By a
topological ring is meant a structure R which is at once a Hausdorff
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