SUBDIRECT SUMS AND INFINITE ABELIAN GROUPS

ELBERT A. WALKER

1. Definitions. Let G be a group, and suppose G is a subgroup of
the direct sum 3., P H, of the collection of groups {H,},e;- If the
projection of G into H, is onto H, for each ae I, then G is said to be
a subdirect sum of the groups {H,}.,e;- (Only weak direct and subdirect
sums are considered here.) If a group G is isomorphic to a subdirect
sum of the groups {H,}.e;, then G is said to be represented as a sub-
direct sum of the groups {H,},c;- A group is called a rational group
if it is a subgroup of a Z(p~) group or a subgroup of the additive
group of rational numbers.

2. THEOREM. FEwvery Abelian group can be represented as o subdirect
sum of rational groups where the subdirect sum intersects each of the
rational groups non-trivially.

Proof. G is isomorphic to a subgroup of some divisible group, and
thus can be represented as a subdirect sum G’ of rational group {H,}.e;.
Let (&, by +++, oy --+) be an element of G'. Let (b, &y, <2<, by, +-)B1=
(kiy Py o+ vy gy +++), where &, = h, if G NH, #+ 0, and k, = 0 if G'N H,=0.
Assume f, has been defined for ¢ < b. Define

(kn kz; M) ka: "').gb = (kly kz; %y kzn kb+1! "‘)

where k, = 7%, if H,N(U.xG'B:) 0, and k, = 0 otherwise. Each S,
preserves addition because each is a projection. Let (&, Ay, ++-, by, +=+) F
0,0, +-+,0, ---) and let

(klr kzy A ka! ¢ ')ﬂa = (kly kz: R ka; ka,+1’ ka+2y *° ') .

Only a finite number of the coordinates of (%, A,, ++-, A, +++) are not 0.
Let them be A, , kg, -, Po,, where a; < @, < ++- < ap. If a <ay, then

(hly kz; ) ka! M ')Ba
- (klv kz, ccy km ka+1! "'!han) han+17 "') + (07 07 A 07 e

R

since kan;éo. Assume a=a,. If n=1 and a,=1, then (&, A,, -+, g, ++*)
(74, 0,0, +++,0,---)eG" and G'NH; # ¢ sothat (A,,0,0,---. " o=
(%6,,0,0, +-+,0, ---). That is, k., =5, #0, and hence (h, 2, -+ *
©,0,---,0,+-+). If =1 and a, # 1, then (0,0, --+,%,,0,0,--:)eG
and also in G'B, for all ¢ < a;. Thus H, N(UcaG'Pe) # 0, and
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