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l Introduction* The purpose of the present paper is to develop a
spectral theory for an arbitrary m x n dimensional matrix A, which is
analogous to that given in the hermitian case and which reduces to the
usual spectral theory when A is hermitian. The theory is centered around
the triple product AB*C of matrices of the same dimension. Here B*
is the transpose of B in the field of real numbers and the conjugate
transpose of B in the field of complex numbers. The matrix T will
be said to be elementary in case T = TT*T. Elementary matrices play
the role of units and in case of vectors are unit vectors. Given an element-
ary matrix T and a matrix A of the same dimension the matrix TA* T
can be considered to be the conjugate transpose of A relative to T. If
A~TA*T, then A is hermitian relative to T. The polar decomposition
theorem for matrices implies that to each matrix A there is a unique
elementary matrix R such that A is hermitian relative to R, AR* is non-
negative hermitian in the usual sense, and R has the same null space as
A. Every elementary matrix T relative to which A is hermitian is of the
form T=T0 + Ri — R2, where R, + R2 = R and Γo, R19 R2 are mutually
^-orthogonal. Two matrices A and B are ^-orthogonal in case AB* = 0
and A*B = 0. A matrix B will be called a section of A if B and A — B
are ^-orthogonal.

If A is hermitian relative to an elementary matrix T, it is shown
below that A and T can be written as sums of sections

A = A, + + Aq , T = Tx + + Tq

such that Ai = \Tif where λ̂  is a real number. Moreover these sections
can be chosen so that Xt Φ XJf (i φ j). If in this event the decomposition
is unique. If AT* ^ 0, then λ< ̂  0. If in addition A and T have the
same null space then λ4 > 0. In the event T is the identity, this result
gives the usual spectral representation of hermitian matrices.

A matrix A will be said to be normal relative to an elementary
matrix T in case A = AT*T= TT*A,AA*T= TA*A. In this event
the spectral decomposition theorem described above holds, the coefficients
%ι being complex instead of real.

In the development of the theory the concept of #-commutativity
of two matrices plays a significant role. The matrices A and B will be
said to ^-commute (see § 4 below) in case AB* = BA* and A*B = B*A.
If A and B ^-commute, there is an elementary matrix T relative to
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