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The origin of this work lies partly in M. H. Protter's method [7],
[8], partly in two papers [3], [5], developing the idea, found in Payne-
Weinberger [6], of auxiliary one-dimensional problems; the physical
interpretation in § 3 rejoins that of [2] and [4],

l We consider the first eigenvalue λx of a nonhomogeneous mem-
brane with specific mass p(x, y) ^ 0 covering a plane domain D and
elastically supported (elastic coefficient k(s)) along its boundary Γ:

Δu + Xρ(χ, y)u = 0 in D , — + k(s)u = 0 along Γ ,
dn

where n is the outward normal.
Every continuous and piece wise smooth function v(x, y) furnishes

an upper bound for λr: By Rayleigh's principle

D(v) + §Fk{s)v2ds
\ - Min, —-J

where ds is the length element, dA the element of area, and D(v) the

Dirichlet integral \ 1 grad2 v dA. The Minimum is realized ifv = uλ(x,y)

(first eig en function, satisfying Δux + Xιpuι = 0).

In the opposite direction, we are here in search of a Maximum

principle for Xlf from which we could calculate lower bounds.

2. Let us consider in D a sufficiently regular vector field p (we
shall discuss presently what discontinuities are allowed), satisfying the
condition

(1) p n ^ k(s) along Γ .

grad2 ux + (p2 — div p) u\ — — div (ulp) + grad2 uλ + u\ψ + 2uλ grad uλ p

= —div(ulp) + (grad% + u3f ^ —diγ(ulp) .

Let us integrate this inequality:
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