UPPER BOUNDS FOR THE EIGENVALUES OF SOME
VIBRATING SYSTEMS

DALLAS BANKS

1. Introduction. Let p(x) =0, x<][0, a], be the density of a string
fixed at the points x =0 and « = a under unit tension. The natural
frequencies of the string are determined by the eigenvalues of the
differential system

@) w4+ AMp(x)u = 0, u(0) =u(a) =0.

We note that these eigenvalues depend on the density function p(x)
and denote them accordingly by

0 <M(D) < Mf(p) < M) < oe e
M. G. Krein [5] has found the sharp bounds

4;”)((&%{[—) < M(D) =

mn*H
M2

where X(t) is the least positive root of the equation

VvV Xtan X = 0
1—1¢

and where p(x) is such that Sup(x)dx — Mand 0 < p() < H.
0

Sharp lower bounds are found in [1] when instead of the condition
p(x) < H, we have p(x) either monotone, p(x) convex, or p(x) concave.
The precise definitions of convex and concave are given below.

In this paper, we find sharp upper bounds for »,(p) (r =1,2,83, --+)
whenever p(x) belongs to any one of the following sets of functions:

(a) E(M, H, a), the set of monotone increasing functions where
Sap(m)dao =Mand 0= pk)<H, 2<¢[0,a] .
0

(b) E\M, H, a), the set of continuous convex functions, i.e., conti-
nuous functions p(x) such that

pe) = 2= pw) + = p@), 0w =wm=a,

2 1 2 1
with S“p(x)dx = Mand 0= p@) < H, z¢[0,a].
0
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