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1. Introduction. In this paper p and q will denote primes. We
recall that a function f(n) of an integral variable n ^ 1 is said to be
multiplicative, if

(1) f(mn)=f(m)f(n)

whenever (m, n) = 1, and additive, if

(2) f(mn)=f(m)+f(n)

whenever (m, n) = 1. If however f(n) satisfies (2) for all integers m ̂  1,
n ^ 1 we shall say that f(ri) is completely additive. Consider a multi-
plicative integral-valued function f(n) > 0 and put

( 3 ) fin) = n, fin) - f{n), , fr(n) = f[fr-ln)],

We shall say that f(n) is of finite index if, to each n > 1, there is an
integer C — C(n) such that

> 1 f or r ^ C

- 1 f or r > C ,
(4) fin)

in which case we put C(l) = 0.
The familiar Euler function

(5) φ(n) = 1_
m^n pin \ Ύ)

(m,n)=l

is an example of such a function, since φ(n) < n. For this case (f = <p),
properties of the corresponding function C(n) were investigated by Pillai
[1], who attributes the problem to Vaidyanathaswami. Later, Shapiro
[2, 3, 4] observed that this particular C{n) satisfied the condition

fl for m, n both even
(6) C(mn) = C(m) + C(n) + \^ \

(0 otherwise ,

and went on to obtain, inter alia, a certain class (S) of multiplicative
functions f(n) of finite index satisfying (6). In a restricted sense, (S)
consists of functions similar in form to φ(n); for example they satisfy

for all positive integers x, n.
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