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1. Introduction. The eigenvalue problem associated with a vibra-
ting string which is under unit tension has a nonnegative integrable
density function p defined for x e [α, b] and which is held elastically
at its ends is

u" + Xp{x)u = 0 ,

u'(a) - hau(a) = u'{b) + hhu{b) = 0

where 0 ^ haf hb ^ co. The limiting case ka —> co, hb —* co corresponds
to the fixed end point problem. In general, the eigenvalues of the
system (1.1) are nonnegative, simple and depend on the function p.
We denote them accordingly by

0 < \[p] < λj>] < < \n[p] < .

We consider the problem of finding uniform upper and lower bounds
for λΛ[jθ] (n — 1, 2, •••) when p is restricted to belong to a specific
set of functions. In particular, we consider sets of functions p which
are either convex or concave in the following generalized sense.

Let

(1.2) L(y) = (r(x)y'Y - p(x)y , x e [a, b]

where r and p are real-valued continuous functions on [a, b] with
r(x) > 0 and reC on [α, 6]. Furthermore, we consider only those
equations of the form (1.2) whose solutions satisfy the

EXISTENCE PROPERTY. There exists a unique solution y of (1.2)
through the points (xl9 yj, (xif y2) where a g xx < x2 ^ b and yly y2

are arbitary real numbers. We denote the values of y by y(x) =
y(x; xl9 yλ\ x2, y2).

DEFINITION. A real function p is sub-(L) on [a, b] if for arbi-

trary x19 x2 such that a £ x1 < x2 ^ δ, we have

p(x) ^ y(x; xu p(x,); x2i p(x2)) , x G [xl9 x2] .

p is super-(L) if

ρ(x) ^ y(x; xlf ρ{xx)) x2, ρ(x2)) , x e [xlf x2] .
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