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A MAXIMUM PRINCIPLE AND GEOMETRIC
PROPERTIES OF LEVEL SETS

THOMAS A. COOTZ

There are many results in function theory which relate
the behavior of a function in the interior of a domain to its
behavior on the boundary. A well known result of this sort
is the theorem of study: if the map of the unit disc under a
univalent analytic function f(z) is convex, then the map of
every concentric disc contained therein is also convex. This
theorem has been generalized in many different directions in-
cluding more general properties of univalent functions, and
the convex and star-shaped properties for level surfaces of
harmonic functions in E*. The results for univalent functions
depend basically upon Schwarz's lemma, while the results for
level surfaces of harmonic functions have been shown previ-
ously by means of rather complicated forms of the maximum
principle.

In § 1, we give a simple and direct proof of a very gene-
ral theorem, depending upon a form of the maximum princi-
ple, which is then shown in § 2 to easily give the known results
as well as several new ones. Some related new problems are
discussed in §3.

1* Main result*

THEOREM 1. Let Coj and Cljyj = 0,1, •••,%, be closed subsets of
Euclidean m-space, Em, such that Coj Γi Cld = 0 , and define:

Aj = 3Coy, B, = dCld, Ds = E m - (Coy U C i y) ,

Co = C01 X X Con C1 = Cn X X Cln .

Suppose continuous functions / 5 (Py): Em—+E1 and T(p): Emn —>Em are

given such that the following conditions are satisfied for j = 1, , n:

( i ) The sets Coj and Cl3 are level sets of fd(Pd) such that

(0 for PjeCoj) j = 0,- -,n
f-(P ) =

J Λ 3) (KforPeC^ Ke(0,oo].

0<fs(Pj) <K for all PseDs,j - 0 ,1, - ,n
( i i ) Hj(p) = fj(Pj) — fb(T(p)) takes its maximum over all

peNj^ {p: Ps e Ds, T{p) e Do, /y(

in the set dMd Π dNjf where Md = {p: P3 e D3, T(p) e Do}.
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