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RINGS OF QUOTIENTS OF Φ-ALGEBRAS

D. G. JOHNSON

Let <%f be a completely regular (Hausdorff) space. Fine,
Gill man, and Lambek have studied the (generalized) rings of
quotients of C(J^) = C{<%?\ R), with particular emphasis on
the maximal ring of quotients, QiJ^f). In this note, we start
with a characterization of Q(Jίf) that differs only slightly
from one of theirs. This characterization is easily altered
to fit more general circumstances, and so serves to obtain
some results on non-maximal rings of quotients of C ( ^ ) ,
and to generalize these results to the class of Φ-algebras.

We consider only commutative rings with unit. Let A be one
such, and recall that the (unitary) over-ring B of A is called a ra-
tional extension or ring of quotients of A if it satisfies the following
condition: given b e B, for every 0 Φ bf e B there is a e A with ba e A
and ί)'α ̂  0. A ring without proper rational extensions is said to be
rationally complete. For the rings to be considered here (all are
semi-prime), the condition above can be replaced by the simpler con-
dition: for 0 Φ be By there exists aeA such that 0 Φ bae A ([1], p.
5). Accordingly, we make the following

DEFINITION. If B is an over-ring of A and 0 Φ b e B, say that
b is rational over A if t h e r e is aeA w i t h 0 Φ bae A.

Let mβJ2f denote the minimal projective extension of β^ and
τ: mβ^* — > β ^ the minimal perfect map ([2]). In [1], it is shown
that Q(£f) is a dense, point-separating subalgebra of D{mβ£f), the
set of all continuous maps from mβ^f into the two-point compactiίi-
cation of the real line which are real-valued on a dense subset of
mβ^f (see, also, [3]). Since Q{<£?) contains every ring of quotients
of C(£f), this leads to

PROPOSITION 1. If B is any ring of quotients of C(£f), then there
exist a compact (Hausdorff) space %/ and minimal perfect maps a
and 7 such that B is a point-separating subalgebra of D{^/) and the
following diagram commutes:
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