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A PHRAGMEN-LINDELOF THEOREM WITH
APPLICATIONS TO Λ («, v) FUNCTIONS

THOMAS L. KRIETE, III AND MARVIN ROSENBLUM

A well-known theorem of Paley and Wiener asserts that
if / is an entire function, its restriction to the real line
belongs to the Hubert space cF~*L2(-τ, τ) (where &~ is the
Fourier-Plancherel operator) if and only if / is square
integrable on the real axis and satisfies \f(z)\ ^ KeτlImzl for
some positive K. The "if" part of this result may be viewed
as a Phragmen-Lindelόf type theorem. The pair (eiTX, eiTX)
of inner functions can be associated with the above mention-
ed Hubert space in a natural way. By replacing this pair
by a more general pair (u, v) of inner functions it is pos-
sible to define a space ^^{u9 v) of analytic functions simi-
lar to the Paley-Wiener space. For a certain class of inner
functions (those of "type ®") it is shown that membership in
^€{u, v) is implied by an inequality analogous to the ex-
ponential inequality above.

A second application of our results is to star-invariant
subspaces of the Hardy space H2, It is well known that if
u is an inner function on the circle and / is in if2, then in
order for / to be in (uH2)1 it is necessary for / to have a
meromorphic pseudocontinuation to | z \ > 1 satisfying

, 1*1 > 1 .
1 — I 38?

If u is inner of type (£, it is proved that this necessary con-
dition is also sufficient.

Let Γ = {eίθ: 0 < θ < 2π} be the unit circle and

R = {x : — o o < # < c o }

the real line considered as point sets in the complex plane C Let D
and ZL be the interior and exterior of the unit circle and let Ω and
42_ be the open upper and open lower half-planes in C. A function
Φ is outer on D or Ω if Φ is holomorphic on D or Ω and of the
form

Φ(z) = exp \ + h(eiξ) σ{dξ), ze D ,
Jr eιξ — Z

or

Φ{z) = exp — ( 1 + t z k&)dt, z G Ω ,
πi ΪR t — z
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