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RADIAL AVERAGING TRANSFORMATIONS
WITH VARIOUS METRICS

CATHERINE BANDLE AND MOSHE MARCUS

In [5] one of the authors introduced the notion of a radial
averaging transformation of domains in the plane, which
was based on the metric given by the line element ds2 =
(l/r2Xdxl + dxl) where (xu x2) are the cartesian and (r, θ) are
the polar coordinates. This transformation is useful in obtain-
ing estimates for conformal capacity of condensers and for
conformal radius of domains. In this paper we discuss averag-
ing transformations in m-dimensional spaces (m ΞΞ 2), based
on various metrics of the form ds2 = g\r) ^J=ι {dxi}2, where
g(r) is a positive, continuous function of r(0 < r < oo).

With the help of these transformations we are able to
obtain estimates for energy integrals of the form

ί I VF | 2 g{r)τz-mdx (dx = dx±dx2 dxm).

These estimates can be used to compare capacities of different
condensers filled with nonhomogeneous dielectric [cf. Kϋhnau
[3] and the literature cited there]. As a further application
we derive inequalities for conformal capacity and conformal
radius in the plane and similar results in higher dimensional
spaces. In this direction we have results for the case where
g(r) = r? β ^ m — 3. They include the symmetrization results
obtained by Szegδ in [7] The method presented seems to be
quite general, and we believe that it might be employed also
with other classes of metrics g.

1* Estimates for energy integrals* Let g(r) be a positive con-
tinuous function for 0 < r < co and let G(r) be a primitive of g.
(r, θl9 , θm-i) are the polar coordinates defined in the following way:

x1 — r cos ΘL, x2 = r sin θ1 cos θ2, xz = r sin θx sin θ2 cos θ3,

xn = r sin θ1 sin θ2 sin #m_2 sin θm_γ

where 0 ^ 0* ^ π for i — 1, , m — 2 and — π ^ θm__γ ^ π. Let p be
a fixed positive number and set:

( 1 1 ) \u = G(r)-G(p)

ΪVi = θi i = 1, •••, m - 1

Let Ω be an open set in Rm which does not contain the sphere
{%; I x I ̂  p} and the hyperplanes 0< = 0 i = 1, 2, , n — 2. Then for
F(x) 6 C 1^) [̂  = Oi, »2, ", »»)] we have
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