PACIFIC JOURNAL OF MATHEMATICS
Vol. 63, No. 2, 1976

A RATIONAL OCTIC RECIPROCITY LAW

KENNETH S. WILLIAMS

A rational octic reciprocity theorem analogous to the
rational biquadratic reciprocity theorem of Burde is proved.

Let p and ¢ be distinct primes = 1(mod4) such that (p/q) =
(9/p) = 1. For such primes there are integers a, b, 4, B with

(1) {p=a2+bz,azl(mod2), = O0(mod 2) ,

q = A* + B, A = 1(mod 2), B = 0(mod 2) .

Moreover it is well-known than (4/q) =1, (B/g) = (—1)* %, If k is
a quadratic residue (mod g) we set

( k> _ { +1, if k£ is a biquadratic residue (modq),
g/«

—1, otherwise .

In 1969 Burde [2] proved the following

THEOREM (Burde).

(2)(&)- o224

Recently Brown [1] has posed the problem of finding an octic re-
ciprocity law analogous to Burde’s biquadratic law for distinct primes
p» and ¢ with p=¢q = 1(mod8) and (p/q), = (¢/p), =1. It is the
purpose of this paper to give such a law. From this point on we
assume that p and ¢ satisfy these conditions and set for any biquadratic
residue k(mod q)

(k) _ {Jrl, if k& is an octic residue (modgq),
q/s —1, otherwise .

It is a familar result that there are integers ¢, d, C, D with
{p = ¢ + 2d? ¢ = 1(mod 2), d = 0(mod 2) ,

2
(2) g =C*+ 2D% C = 1(mod 2), D = 0(mod 2) .

Moreover we have (D/q) = 1. Also from Burde’s theorem we have
aB — bA\ _

and from the law of biquadratic reciprocity after a little calculation
we find that (B/g), = +1. We prove
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