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INFINITE GALOIS THEORY FOR COMMUTATIVE RINGS

JOHN E. CRUTHIRDS

Let S be a commutative ring with identity. A group G of
automorphisms of 5 is called locally finite, if for each s E S, the
set {cr(s): σ E G) is finite. Let R be the subring of G-invariant
elements of S. An R algebra T is called locally separable if every
finite subset of T is contained in an R- separable subalgebra of T.
For an i?-separable subalgebra T of S and for G a locally finite
group of automorphisms it is shown that T is the fixed ring for a
group of automorphisms of 5. If, in addition, it is assumed that S
has finitely many idempotent elements, then it is shown that any
locally separable subring T of 5 is the fixed ring for a locally
finite group of automorphisms of 5. Examples are included
which show the scope of these theorems.

As in [6] the closure of G with respect to a G-stable subalgebra E of
the Boolean algebra of all idempotent elements of S is the set of all
automorphisms p of S for which there exist a positive integer n and
idempotents e, E E and automorphisms σ, E G, such that UΓ=1 e, = 1 and
e, p = e, σ, for 1 ̂  ΐ ^ n. The closure of G with respect to the set of all
idempotent elements of S will be called the Boolean closure of G.

1. Infinite Galois theory. Throughout this section, G will
be a locally finite group of automorphisms of a commutative ring S and R
will be the subring of G-invariant elements of S. The following
definition will be needed in §3.

DEFINITION. A ring S is called a Galois extension of a ring R with
Galois group H if H is finite with R = SH, and if there exist a positive
integer n and elements xn y, of S, 1 ̂  i ^ n, such that ΣΓ=1 xiσ(yι) = 8hσ

for all σ E H.

LEMMA 1.1. Let G be a locally finite group of automorphisms of S

with R = SG. If T is an R-separable subalgebra of S and H =

{σE G | σ | τ = 1Γ}, then [G: H] < oo.

Proof Let Σ ^ t, ®y, be a separability idempotent for T over
R. Then Σ,n=i jc.y, = 1, and, for every t E T, Σ?=1 ί xt ® y, = ΣΓ=1 JC, 0 y,ί
in T(g)R T [4]. Let X = {σ E G: σ(y.) = yw 1 ̂  i ^ n}. Then H C K
But if σ E X and t E T, then
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