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ON A THEOREM OF APOSTOL CONCERNING
MOBIUS FUNCTIONS OF ORDER k

D. SURYANARAYANA

In 1970, Tom M. Apostol introduced a class of arithmetical
functions . (n) for all positive integral k, as a generalization of
the Mobius function w (n) = wu,(n) and established the following
theorem: For k =2, M, (x) =2, - (n) = Ax + O(x"* log x).
where A, is a positive constant. In this paper we improve the
above O-estimate to O (x**/“****",(x)) on the assumption of the
Riemann hypothesis, where w (x) = exp{A log x (loglog x) '}, A
being a positive absolute constant.

1. Introduction. T. M. Apostol [1] introduced the following
generalization of the Mobius function u(n). Let k be a fixed positive
integer. Let w,, the Mobius function of order k be defined by w, (1) =1,
we(n)=0 if p*'ln for some prime p, wm(n)=(-1)y if n=
pips---ptllop® 0=a <k, w(n)=1 otherwise. In other words,
we(n) vanishes if n is divisible by the (k + 1)st power of some prime;
otherwise, u,(n) is 1 unless the prime factorization of n contains the k th
powers of exactly r distinct primes, in which case u,(n) =(—1). When
k =1, w(n) is the usual Mébius function, u,(n) = u(n).

He established the following asymptotic formula (cf. [1], Theorem 1)
for the summatory function M, (x)=2,-,u,(n): For k =2 and x =2

(1) Z we(n)=Ax + O(x" log x),

where A, is the constant given by

2 1
) m=g0~?+ﬂﬁ,

the product being extended over all primes p.

In this note we improve the O-estimate of the error term in (1)
above on the assumption of the Riemann hypothesis by proving the
following: For x = 3,

3 S (n) = Ax + O (o (x)),

where w(x) is given by (5) below.
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