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ON THE BEHAVIOR NEAR A TORUS

OF FUNCTIONS HOLOMORPHIC IN THE BALL

PATRICK AHERN

If / is bounded and holomorphic in the unit ball in C" then it has
radial limits at almost all points of the boundary of the ball. More is true;
for example,/will have limits almost everywhere with respect to arclength
on any arc that forms part of the boundary of an anlaytic disc. Motivated
by these considerations we consider an ^-dimensional torus in the
boundary of the ball and ask if there are growth conditions less restric-
tive than boundedness that imply the existence of radial limits on this
torus. We show that the answer is no for some of the standard function
classes. For example, we show that there is holomorphic function of
bounded mean oscillation in the ball that has a finite radial limit at no
point of the torus.

Let Bn denote the unit ball in Cn and let σn be Lebesgue measure on
its boundary, dBn, normalized so that σn(dBn) = 1. If/is a holomorphic in
Bn, we say that/ E Hp(Bn\ 0 < p < oo, if

= sup / iΛ'Or **.(«)<«;P =
0<r<l

2/we say/E H"{Bn) if II/!!„ = s u p ^ J / ( £ ) |< oo. If / E H\Bn) we say
that / G BMO(£J if 3 a constant C such that for all F E H\Bn) we
have I fdBn Ffdσn \<C\\F\\X. Then BMO(Bn) serves as the dual of H\Bn)
and we have H°°(Bn) C BMO(Bn) C Hp(Bn), 0 <p < oo. For a more
intrinsic description BMO(Bn), see [1].

Next we describe some function spaces in the open unit disc U in the
complex plane. If μ is a positive measure on U then Ap(dμ) will denote
the space of holomorphic functions in Lp(dμ), 0 < p < oo. When dμ(r, θ)
= (1 - r)adrdθ, a > -1, we use the notation Ap{dμ) = Ap. Finally we
say that g is a Bloch function, g E ®(t/), if

l l g l l f t = s u p ( l - | 2 | ) | g ' ( z ) | < o o .
|z|<l

We have a mapping TΓ: Cn -> C given by ττ(z,,... ,zπ) = ww / 2Πy= 1 zy .
It is easily checked that π(Bn) = I/, π(Bn) = U, and that π~\dU) = Tn

= {(z,,... ,zπ): I Zy | = n~λ/1J — 1,...,«}. In this paper it is shown that if
g E Λfπ_3)/2 then g o TΓ E Hp(Bn), and that if g E $ ( t / ) then g o TΓ E
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