
PACIFIC JOURNAL OF MATHEMATICS
Vol. 131, No. 1, 1988

GRUNSKY INEQUALITIES FOR UNIVALENT

FUNCTIONS WITH PRESCRIBED HAYMAN INDEX

P. L. DUREN AND M. M. SCHIFFER

The Grunsky inequalities in their standard formulation are a gener-
alization of the area principle. Our purpose is to apply a variational
method to obtain a stronger system of inequalities which involves both
the logarithmic coefficients and the Hayman index of a univalent func-
tion / in the usual class S. One immediate consequence is the well-known
inequality of Bazilevich on logarithmic coefficients. Another application
gives a sharpened form of the Goluzin inequalities on the values of / at
prescribed points of the disk.

1. Main results. The class S consists of all functions f(z) = z +

a2z
2 + analytic and univalent in the unit disk D. Closely related is

the class Σ of all functions

g{z) = z + b0 + V " 1 + b2z~2+ . . .

analytic and univalent in the exterior Δ = C — D of the disk. Given
g <Ξ Σ we construct the double power series

Then dmn = dnm and the Grunsky inequalities ([6]; see [3], Chapter 4) take
the form

N N

λ,;eC.Σ Σ dnmλnλm

/i = l w = l w = l "

Now let / G 5 and consider the analogous series

(i) iog/ ( z]:{α ) = - Σ Σ w r
for z, f G D. Note that c w w = c/?w and c 0 0 = 0. If f = 0 the series reduces
to

1 O5 z ~ Z^ Cn0Z '

The inversion of / is the function g ^ Σ defined by g(l/z) = l//(z).
Thus

l/z -l/ζ
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