
PACIFIC JOURNAL OF MATHEMATICS

Vol. 154, No. 2, 1992

QUALITATIVE BEHAVIOR OF SOLUTIONS
OF ELLIPTIC FREE BOUNDARY PROBLEMS

KIRK E. LANCASTER

A general free houndary problem is investigated and the qualitative
behavior of the fixed boundary is compared with that of the fixed
boundary. As an illustration, consider the following situation. Let
Γ* be a given Jordan curve in ίR2. For each Jordan curve Γ in VK1

which surrounds Γ*, we let Ω = Ω(Γ*, Γ) be the region between
Γ* and Γ. Let Q be the second-order elliptic operator given by

Qu = auxx + 2buxy + cuyy in Ω

where a, b, c depend on x, y, ux, and uy and ac-b2 > 0 . Con-
sider the free boundary problem of finding a curve Γ and a function
u e C2(Ω) Π C1 (Ω U Γ) n C°(Ω) such that

Qu = 0 in Ω

u = 1 on Γ*

and, for a fixed λ > 0,

w = 0, \Vu\=λ onΓ,

where Ω = Ω(Γ*, Γ). Suppose Γ and u constitute a solution of this
free boundary problem. Using curves of constant gradient direction,
the geometry of the free boundary Γ is compared to the geometry of
the fixed boundary Γ*. In particular, Γ is shown to have a "simpler"
geometry than does Γ*.

0. Introduction. Let a, b, c e C°{m4) with ac - b2 > 0 in 9t4

and define Q to be the quasilinear, elliptic, second-order partial dif-
ferential operator given by

(1) Qu = auxx + 2buxy + cuyy

for u e C 2 , where a = a(x, y, p, q), b = b{x ,y, p, q), c =
c{x 9y9p9q) and p = ux(x 9y)9 q = uy(x, y). We are interested
in the following free boundary problem.

Quasilinear free boundary problem. Given Γ* a Jordan curve in 5H2

or a finite collection of pairwise disjoint Jordan curves in 9t2 and a
number λ > 0, find a bounded domain Ω c £H2 , a finite collection Γ
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