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1. Introduction
In 1960, Yamabe [14] presented the following problem.

The Yamabe problem. Given a compact Riemannian manifold (M,g) of dimension
n(=3), find a conformally equivalent metric with constant scalar curvature.

He reduced this problem of finding a smooth function u together with a
constant A satisfying the nonlinear eigenvalue problem
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where A, denotes the negative definite Laplacian and R is the scalar curvature of
g. He attempted to solve equation (Y) by finding a positive extremal of the functional

(1.1) O(u)= f (KIVul + Ru)dV/( J luM dV)2/N.
M M

He claimed that for any M quation (Y) has a solution which attains the minimum
(1.2) AMM)=inf { Qu)lue C*(M), u#0}.

This constant A(M) is a conformal invariant, which is often called the Yamabe
invariant. In 1968, however, Trudinger [13] discovered an error in Yamabe’s
proof and showed that Yamabe’s proof works in case (M) is bounded above by
a small constant. In 1976, Aubin [1] extended Trudinger’s result. He proved
that if M satisfies the inequality

(1.3) AM)<A:= AS")=n(n— 1) vol(S™)?",



