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In [2], J. Kado has studied simple directly finite regular rings satisfying
the comparability axiom, and completely determined the directly finiteness
of projective modules over these rings. In this paper, without the assump-
tion of simplicity in [2], we shall study projective modules over directly finite
regular rings satisfying the comparability axiom. In Theorem 6, we shall
give a criterion of the directly finiteness over these rings. Using this criterion,
in Theorem 7, we shall show the following result: Let R be a directly finite
regular ring satisfying the comparability axiom. If P and Q are directly finite
projective R-modules, then so is P@Q.

Throughout this paper, R is a ring with identity and R-modules are unitary
right R-modules. If M and N are R-modules, then the notation N<M (resp.
N<®M) means that N is isomorphic to a submodule of M (resp. N is iso-
morphic to a direct summand of M). For a cardinal number @ and an R-
module M, aM denotes a direct sum of az-copies of M.

First we recall some definitions and well-known results (cf. [1]).

DEFINITION. A ring R is directly finite if xy=1 implies yx=1, for all
x, yER. An R-module M is directly finite if Endg(M) is directly finite. A ring
R (a module M) is directly infinite if it is not directly finite. It is well-known
that M is directly finite if and only if M is not isomorphic to a proper direct
summand of M itself. A regular ring R is said to satisfy the comparability
axiom provided that, for any x, yER, either xR<yR or yR=xR, or equivalent-
ly, for any finitely generated projective R-modules P and Q, either P<Q or Q
<P. A ring R is said to be unit-regular if, for each xR, there is a unit (i.e.
an invertible element) % of R such that xux=zx.

Lemma 1. (a) FEvery directly finite regular ring satisfying the compara-
bility axiom is unit-regular (cf. [1, Theorem 8.12]).
(b) Let R be a unit-regular ring. Then,
(1) Ewvery finitely generated projective R-module is directly finite ([1,



