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Mass Distributions on the Ideal Boundaries of
Abstract Riemann Surfaces. I

By Zenjiro KurRAMOCHI

We shall extend some theorems of potential theory in space to
abstract Riemann surfaces. In the present article we shall be concerned
with Evans-Selberg’s theorem on Riemann surfaces with null-boundary.

G.C. Evans and H. Selberg® proved the following theorem. Given
a closed set F of capacity zero in space, then there exists a positive mass
distribution on F whose potential is positively infinite at every point of F.
We shall extend this theorem to abstract Riemann surfaces with null-
boundary.

Let R* be a Riemann surface with null-boundary and {R,}
(n=0, 1, 2, ---) be its exhaustion with compact relative boundaries {9R,}.
Put R=R*-R,. Let G,(z, p) be the Green’s function of R,— R, with pole

at p. Clearly, G,(z, p) 1 G(z, p) as n—co. Since [ %‘S(Z—’p—)ds§2n for

R,
every #, G(z, p) is not constant infinity and harmonic in R except at p
where G(z, p) has a logarithmic singularity.

Take M large so that the set Vy(p) =E[z€ R:G(z, p)=M] is com-
pact in R. Let o,(2) be a harmonic function in R,— R,— V,(p) such that
0,(2)=0 on 9R+9Vy(p) and w,(2)=M on 9R,. Then since R* is a
Riemann surface with null-boundary, hm 0,(2)=0. Let G,(z, p), G/ (2, D)

and G,(z, p) be harmonic functions m R —R,— V,,(p) such that G,(z, p)
G/ (2, D) =G,(z, ) =M on 9Vy(p), G.2, ) =G, (2, ) =G,z p)=0 on

OR, and G,(z, p)= 8(} (z, 2 D) =0 and G,(z, p) =0 on 9R, respectively.
Since 0<_G,/(z, p)<M on BR,,, we have by the maximum principle
Gz, )<G,/ (2, ))<_G,(z, D), Gu(z, 1)<Glz, <G,z b)

and
0<G,(2, D) —G,(z, p) = Mo,(2).
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