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A Characterization of Quasi-Frobenius Rings

By Masatoshi IKEDA

In this note we shall consider the problem: in what ring A can
every homomorphism between two left ideals be extended to a homo-
morphism of A ? (" Homomorphism " means " operator homomorphism ").
We shall call this condition as Shoda's condition.1* When A is a ring
with a unit element, Shoda's condition is equivalent to the next one:

(α): every homomorphism between two left ideals is given by the
right multiplication of an element of A.

The main purpose of this note is to show that if A is a ring with
a unit element satisfying the minimum condition for left and right
ideals, then A satisfies Shoda's condition if and only if A is a quasi-
Frobenius ring.

T. Nakayama characterized quasi-Frobenius rings as the rings in
which the duality relations Z(r (!.))== I and r(Z(x)) = r hold for every
left ideal I and right ideal x.2) Our result gives another characterization
of quasi-Frobenius rings.

A denotes always a ring with the minimum condition for left and
right ideals. Let N be the radical of A and A = A/N — Άτ+ ••• + An be
the direct decomposition of A into simple two-sided ideals. Then, as
is well known, we have two direct decompositions of A :

A = Σ Σ Aeκ,, + l(E} = Σ §k, *A+r (#) (1 )
κ=l t=ι κ=l i=ι

•n ./U) .

where E = Σ Σ <*κ, ,, eκ, i (tc = 1, 2, •••, n i = 1, 2, ••• /(*)) are
fc=l ί = l

mutually orthogonal primitive idempotents, Aβκ, € ^ Aeκ, x = Aeκ for
i — 1, •••, f(κ), Aeκ, t ^ Aeλ, 3 if K φ λ and the same is true for eκ, t A,
and Z(*) (r(*)) is the left annihilator (right annihilator) of #. More-
over we use matric units cκ, t, j (K = 1, •••, n i, j •= 1, •••, /O)),
cκ> i, i = eκ> i = e* 9 C

K, i, i = βκ, i 2-Πd Cκ, j, j Cλ, fc, z = δκ, λ δj fc Cfc, it i .

We start with the following preliminary lemmas.

1) This problem was suggested by Prof. K. Shoda. Cf. K, Shoda [4].

2) See T. Nakayama [1], [2].


