
Osaka Mathematical Journal,
Vol. 2, No. 1, March, 1950

Supplementary Remarks on Frobenίusean Algebras II

By Tadasi NAKAYAMA (Nagoya) and Masatosi IKEDA

An algebra A over a field F is quasi-Frobeniusean13 if and only
if the dualities

between left and right ideals with respect to annihilation hold, where
ϊ and x are left and right ideals respectively, and I (#) and r (*) denote
left and right annihilators in A respectively. Further A is Frobe-
niusean if and only if besides the annihilation dualities aj and α«) also
the rank relations

A) (ί:F) + (KI):F) = (A:n &) (r : F) + (/(r) : F) = (A : F)

are valid. 2)
The notion of Frobeniusean and quasi -Frobeniusean algebras as

well as these duality criteria have been extended to general rings with
minimum condition. In this note we shall study some properties of a
ring with the duality aj for left ideals, and show, among others, that
only the duality relations a^ and #,) or αj are sufficient for an
algebra to be Frobeniusean or quasi-Frobeniusean respectively.

Let A be a ring with minimum condition for left and right ideals.
(We shall understand by a ring always such a ring.) Let N be the
radical of A, A/N — A = Aα -f- A2 -f- ... -f Aκ be the direct decomposi-
tion of A into simple two-sided ideals Άκ and let f^, eK9i, eκ = eκ,19

fdKj

cKtiί and Eκ = Σ eκ>ί (/c = 1, ... , fc) have the same meaning as in S. I
/ = !

or Fr. I§1; namely eκ,t (κ = 1, ... , k\ i = 1, ... , /fjc)) are mutually

1) See Part I, Froc. Jap. Acad. (1949) (referred to SI) or Nakayama, On Frobe-
niusean algebras I, II, III, Ann. Math. 40 (1939), 42 (1941), Jap. J. Math 18 (1942) (referred
to Fr I, II, III)

2) Of course αj), «2) follow respectively from βj), β2)> since / ( r ( ί ) ) Z ) f , r ( / ( r ) ) ~2v,
r (I (r ({))} = r ({) and / (r (/ (r))) — / (r) always. The same is the case with the modified
rank relation β') in Fr II, Theorem 7; namely β x ) implies α j ) and <*>), and is sufficient,
by itself, to secure that a ring A is Frobeniusean, provided A has composition series
for left and right ideal s.

with Cz and Cr denoting left and right composition lengths, are sufficient (and necessary)
in order that an algebra or a ring be quasi-Frobeniusean.


