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0. Introduction

We denote byA,* (resp., F, ) the free monoid (resp., the free group), with the
empty word as unit, generated by an alphaldgt:= {1, 2,...,d} consisting ofd let-
ters. We consider an endomorphismon F;, i.e., a group homomorphism fromy,
to itself. An endomorphisnu will be referred to as aubstitutionif we can take a
nonempty wordo (i) € A,;* for all i € Ay, cf. the first paragraph of Section 1. When
is a substitutionos invertible as an endomorphism off; ? An answer to this ques-
tion is known whend = 2, cf. Proposition 1. Our objective is tengralize Propo-
sition 1 for arbitraryd > 2. We introduce a geometrical method in [2]; and we use
a general method given in [6], where the so callidher dimensional substitutions
Ei(0) (0 <k <d) are established for a given substitutienon F; .

Throughout the paper, we denote By(resp.,N, R) the set of integers (resp., pos-
itive integers, real numbers), and by EAg( ) (resp., Sub( ut(A), IS(F,)) the set
of endomorphisms (resp., substitutions, automorphismeriible substitutions) orf,

Let d > 2 be an integer. We mean by, {1 A --- A i) the positively oriented unit
cube of dimensiork translated byin the Euclidean spacB’:

(G iaA-ANig) ={x+ne, +---+ne, |0<t, <1, 1<n<k},
xeZ 0<k<d, 1<ip<---<ix<d,

where {€;};=1.._4 is the canonical basis d®®?. In particular, fork = 0, thet dimen-
sional unit cubeX, i1 A--- Aii), which will be denoted byx; ), is considered to turn
out a pointx. In general, for{iy, i, ..., i} with 1 <, <d, 1< m <k, we define

(X, ia A= Niy) =0, if i, =i, for somen # m,
(X, ia A - Adg) =e(T)(X, N A ir(k)) a< ) < <lrp) < d), otherwise

where 7 is a permutation o1, ..., k}, and¢(r) is the signature of-, which desig-
nates the orientation. We put

Ag = Zd X {0},



