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1. Introduction

Let (M?",w) be a symplectic manifold. Brylinski [2] defined the star wgier
w1 QK (M) — Q@"—*(M) for the symplectic structurer as an analogy of the star op-
erator for an oriented Riemannian manifold, whe®é M ( ) denhdke space of all
k-forms on M , and also defined an operatbr = (—1) * d*: Q¥(M) — Q—1(M).
Now a forma on M is called a symplectic harmonic form if it satisfiée = d*« = 0.
We denote by (M) the space of all harmonik -forms a . We define symplectic
harmonick -cohomology grougif. M ) byt*(M)/(B*(M) N ‘H*(M)). Brylinski con-
jectured that any de Rham cohomology class contains a hamgpresentation. How-
ever, Mathieu [6] proved the following result:

Mathieu’s Theorem. Let (M?", w) be a symplectic manifold of dimensi@m.
Then following two assertions are equivalent
(@) For any k, the cup-producfw]®: H{;‘,;"(M) — HP (M) is surjective.
(b) For anyk, Hj(M)= Hf, (M),

In particular, we see that iM is a compactlder manifold, then any de Rham
cohomology class contains a symplectic harmonic cocycen fM1] gave a simpler,
more direct proof of Mathieu’s Theorem. Mathieu [6] also prbvbat, fork =Q 1 2
HY (M) = HY, (M),

In this paper we study compact symplectic nilmanifolds. lgebe a Lie alge-
bra and putg® = g and let g% = [g,g®] for i > 0. We say that a Lie algebra
g is (r + 1)-step nilpotent ifg®) # (0) and g"*Y = (0). A Lie group G is called
(r +1)-step nilpotent if its Lie algebrg is (r + 1)-step nilpotent. IfG is a simply-
connected { + 1)-step nilpotent Lie group aid is a latticeGof that is, a dis-
crete subgroup of; such th& /T is compact, then we say th& /T is a compact
(r + 1)-step nilmanifold. We also identify\g* with the space of all leftG -invariant
forms on G . Nomizu [8] proved that, for each , the Lie algebr&arnology group
H*(g) = Z*(g)/B*(g) = (Kerd N \*(g*))/(Imd N A\*(g*)) is isomorphic to the de Rham
cohomology groupHy, M )=Z* M )BX(M) = (KerdNQk(M))/(ImdnQk(M)), where
M=G/T.



