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ON A SPACE OF SOME THETA FUNCTIONS

YOSHIYUKI KITAOKA

In the theory of modular forms there is an interesting problem whether

every modular form can be expressed as a linear comination of theta func-

tions. For this Eichler proved in [1] that for a sufficiently large prime q all

modular forms of degree — 2m{m = 1,2, ) for Γ0{q) can be represented by

linear combinations of theta functios of degree — 2m with level 1 and q.

We prove this theorem for q = 2, 3, 5 and 11 by using a theorem of Siegel

for q = 2, 3, 5 and a general result of Eichler for q = 11. The former

method is shown in Schoeneberg [2].

Before our statement, it should be recalled: for an even positive 4mx4m

matrix Q with level N and square discriminant, the theta function

is a modular form of degree —2m for Γ0{N)9 i.e. of type {—2m,N,l) in the

sense of Hecke.

THEOREM. For q = 2, 3, 5 and 11 all modular forms of degree —2m(m=l,2,

• ) for Γ0(q) can be represented by linear combinations of theta functions of type

{-2m,q,l) and (-2w2,l,l).

Proof for q = 2. Let dm (resp. em) be the dimension of the space ϊΰt(m)

(resp. @(m)) of modular forms (resp. cusp forms) of degree —2m for Γ0(2).

Then it is well known that

for

(1)

Let A be an even positive 4x4 matrix with level 2 and determinant 4, for

em = 0 for m = 1,

£™ = Γ - ^ - Ί - l for
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