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SURFACES IN MOBIUS GEOMETRY
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§ 0. Introduction

Our purpose in this paper is to give a basic theory of Mόbius differ-

ential geometay. In such geometry we study the properties of hypersurfaces

in unit sphere Sn which are invariant under the Mόbius transformation

group on S\

Since any Mόbius transformation takes oriented spheres in Sn to

oriented spheres, we can regard the Mόbius transformation group Gn as

a subgroup MGn of the Lie transformation group on the unit tangent

bundle USn of Sn. Furthermore, we can represent the immersed hyper-

surfaces in Sn by a class of Lie geometry hypersurfaces (cf. [9]) called Mόbius

hypersurfaces. Thus we can use the concepts and the techniques in Lie

sphere geometry developed by U. Pinkall ([8], [9]), T. Cecil and S. S.

Chern [2] to study the Mόbius differential geometry.

We will study in detail the surface theory in Mόbius geometry. The

same method can be easily generalized to high dimensional cases. We

give a complete Mόbius invariant system for any immersed surface with-

out umbilic point in S3 which determines this surface up to Mόbius

transformations. Moreover, given any such Mόbius invariant system we

can obtain the corresponding Mόbius surface by solving a linear PDE

determined by this invariant system.

An immediate application of our theory is the classification of Dupin

surfaces in Es under the conformal transformation group. We show that

up to the conformal transformations a Dupin surface in E3 is a part of

a revolution torus, a right circular cylinder or a right circular cone.

Mόbius geometry has a close relation with the famous Willmore con-

jecture. An elegant application of Mόbius geometry was given by R. L.
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