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ON THE STRONG UNIMODALITY

OF LEVY PROCESSES

TOSHIRO WATANABE

§ 1. Introduction and results

A measure μ(dx) on R is said to be unimodal with mode a if μ(dx)

= cδa(dx) + f(x)dx, where c >̂ 0, δa(dx) is the delta measure at a and f(x)

is non-decreasing for x < a and non-increasing for x > a. A measure

μ(dx) = Σζ=-«>Prfin(dx) on Z — {0, ± 1 , ±2, •} is said to be unimodal

with mode a if pn is non-decreasing for n <I α and non-increasing for

n ^ a. A probability measure μ(ώc) on i? (resp. on Z) is said to be

strongly unimodal on R (resp. on Z) if, for every unimodal probability

measure η(dx) on R (resp. on Z), the convolution μ # ̂ (dx) is unimodal

on R (resp. on Z). Let Xί? £e [0, <χ>), be a Levy process (that is, a pro-

cess with stationary independent increments starting at the origin) on R

(resp. on Z) with the Levy measure v(dx). The process Xt is said to be

unimodal on R (resp. on Z) if, for every t > 0, the distribution of Xt is

unimcdal on R (resp. on Z). It is said to be strongly unimodal on R

(resp. on Z) if, for every t > 0, the distribution of Xf is strongly uni-

modal on R (resp. on Z). In this paper we shall characterize strongly

unimodal Levy processes on R and Z.

THEOREM 1. Let Xt be a Levy process on R. Then Xt is strongly

unimodal on R if and only if

Xt = σB{t) + rt,

where B(t) is a Brownίan motion and σ and ΐ are constants, a ^ 0.

THEOREM 2. Let Xt be a Levy process on Z. Then Xt is strongly

unimodal on Z if and only if
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