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Abstract. By showing hidden hypotheses in Schur’s lemma on spaces of constant cur-
vature we get a new version for locally symmetric spaces.

0. Statement

Let M be a connected Riemannian manifold with dimension »>3. Schur proved in
1886 that M is a space of constant curvature if the sectional curvature depends only on
the points (see [2], [8]). In the present note we improve the theorem and have a theo-
rem of the same type for locally symmetric spaces.

Let V be the Riemannian connection and let R be the Riemannian curvature tensor
given by

VxVyZ—VyVxZ—Vix,viZ=R(X, Y)Z

where X, ¥, Z are vector fields and [, ] is the Lie bracket. We say that the eigen-
spaces of R are parallel if the following condition is satisfied: For any geodesic » and
for any unit parallel vector field v along v the eigenspaces of R (+, v) v: THoM —> T)M
are parallel along v where p is the foot point of v. The locally symmetric spaces have
this property. If the sectional curvature depends only on the points, then the condition
is automatically satisfied, since the eigenspaces of R (¢, v)v: ToM —> T»M is either vl
or Tp»M which are parallel along v, where vl is the space orthogonal to v.

Theorem. Let M be a connected Riemannian manifold with dimension n>3. Suppose
there exist functions cy, ..., ci on M such that (1) the distinct eigenvalues of R( -, v)v:TsM
—>TpM are c1(p), ..., ci(p) for any point p & M and any unit vector v & TpM with c;
(p)=0and (2)if cj=2Ajc1 then A; are constants on M for j=1,...,i—1 (always ;=1 and
2i=0). If the eigenspaces of R are parallel and dim Ker R(+, v) v<n—2 for any unit vector
v, then M is a locally symmetric space.

Here, Ker R (-, v)v is by definition the kernel of R(-, v)v: TsM —> TpM. The




