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Abstract. In this paper we construct a global, continuous flow of solutions to the Camassa-Holm
equation on the entire space H1. Our solutions are conservative, in the sense that the total energy
∫

(u2 + u2
x) dx remains a.e. constant in time. Our new approach is based on a distance functional

J(u, v), defined in terms of an optimal transportation problem, which satisfies d
dt
J(u(t), v(t)) ≤

κ · J(u(t), v(t)) for every couple of solutions. Using this new distance functional, we can construct
arbitrary solutions as the uniform limit of multi-peakon solutions, and prove a general uniqueness

result.

Key words. Camassa-Holm equation, optimal transportation metric, conservative solution

AMS subject classifications. 35G25, 35Q51, 49J20

1. Introduction. The Camassa-Holm equation can be written as a scalar con-
servation law with an additional integro-differential term:

ut + (u2/2)x + Px = 0 , (1.1)

where P is defined as a convolution:

P
.
=

1

2
e−|x| ∗

(

u2 +
u2
x

2

)

. (1.2)

For the physical motivations of this equation we refer to [CH], [CM1], [CM2], [J]. Ear-
lier results on the existence and uniqueness of solutions can be found in [XZ1], [XZ2].
One can regard (1.1) as an evolution equation on a space of absolutely continuous
functions with derivatives ux ∈ L2. In the smooth case, differentiating (1.1) w.r.t. x
one obtains

uxt + uuxx + u2
x −

(

u2 +
u2
x

2

)

+ P = 0 . (1.3)

Multiplying (1.1) by u and (1.3) by ux we obtain the two conservation laws with source
term
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t
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3
+ uP

)

x

= ux P , (1.4)
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)

x

= −ux P . (1.5)

As a consequence, for regular solutions the total energy

E(t)
.
=

∫

[

u2(t, x) + u2
x(t, x)

]

dx (1.6)
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