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MULTIVAL UED DIFFERENTIAL EQUATIONS 
ON CLOSED SETS II 

KLAUS DEIMLING 

FB 17 der Universitiit, Warburger Str. 100, D-4790 Paderborn (FRG) 

Abstract. Let X = IRn, D C X closed, J = [0, a] C IR and F: J x D ____, 2x\0 
be a multivalued map. We consider the initial value problem 

u' E F(t, u) a.e. on J, u(O) = x 0 ED, (I) 

where solutions are understood to be absolutely continuous (ac) on J, and prove two 
existence theorems for the cases of main interest, namely the upper semicontinuous 
(usc) one under condition F(t, x) n TD(x) 'I 0 on J x D and the almost lower 
semicontinuous (lsc) one under condition F(t, x) C TD(x) on J x D, where, for 
XED, 

TD(x) = {y EX: lim A.- 1p(x + A.y, D)= 0} with p(x, D)= inf Jx- yJ. 
D 

(2) 

1. The usc case. This paper is a continuation of [3]. We keep the notations and 
definitions given there, but consider only X = IRn. Possible extensions to Banach 
spaces X with dim X = oo will be indicated in [5]. 

Theorem 1. Let X= IRn, DC X be closed, J = [0, a] C IR and F: J x D ____, 2x\0 
be such that 

(i) F(t,x) is closed convex for all (t,x) E J x D, 

(ii) JJF(t,x)JJ ~ c(t)(I + JxJ) on J x D with c E U(.J), 

(iii) F(·,x) is measurable, F(t, ·)is usc, 

(iv) F(t, x) n TD(x) ::10 on J x D 

are satisfied. Then (I) has a solution. 

Proof: Using Theorem 2 in [7] or the paper of Jarnik/Kurzweil mentioned there, 
we find an F0 : J x D-+ 2x with compact convex F0 (t, x) C F(t, x) such that 

(a) if u, v are measurable and v(t) E F(t, u(t)) on .J, then v(t) E F0 (t, u(t)) almost 
everywhere on J and 

(b) to f > 0 there exists a closed .J, C J with Lebesgue measure JL( .!\ J,) < t 

such that F0 (t,x) '10 on J, x D and FoiJ,xD is usc. 
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