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Abstract. Stein has shown that Mf € L <= f € LlogL where Mf is the Hardy-
Littlewood maximal function. In this paper we are giving a “dual” result of the type

L
Mfe — <= feL,
log L

and some generalizations of the related inequalities.

1. Introduction. Let Qg be a fixed cube in R with sides parallel to the axes
and for f € L'(Qo) let us define the local maximal function

1
Mf) = swp = [ 1FWldy, Vo€ o,
z€EQ !Ql Q
QCQo
where the supremum extends over all cubes () C Qo containing x with sides parallel
to the coordinate axes. A well known theorem of Hardy-Littlewood asserts that if

f € Llog L(Qo), then M f € L*(Qo). In [14] Stein shows that the converse of this
theorem is also true; namely, it can be proved that (see, e.g., [8])

or (e |f(z)] v < 9N o) da
/Qolf(x)llg( +|-érfoo|fl)d <o [ My 1)

In this paper (see section 3) we give the following “dual” inequality:

/ f@ldr <2 [ MI® 4o e L'(Qu), f£0. (2)
0 °log( Mf(l‘) )

| fQo Mf

Moreover, we give a generalization of the Hardy-Littlewood theorem (see §4) which
covers many well-known classical results (e.g., || M f|| Lgog £)= < || fll Lgog Ly=+1 With
a >0, |Mflle, < cllfllz, with p > 1, [Mf|lLrqog 1ye < cllfllLrgog )= With p > 1
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