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Abstract. In this paper we shall treat stability questions for the wave equation with 
variable coefficients on a bounded domain. The boundary 80 is subdivided into an energy 
reflecting part r and a nonempty absorbing part I:. We give criteria for asymptotic and 
exponential energy decay. In special cases similar criteria have already been given by other 
authors. Our methods make new use of some fairly recent theorems in semigroup theory. 

1. Introduction: Formulation of the problem and statement of main 
results. Let n C Rn be a bounded domain of class 0 2 • Consider a disjoint partition 
of an into two subsets r and :E, each of them open and closed in an ( cf. Remark 
1.2 for more general partitions). Assume throughout that :E =f 0. The IBVP (Initial 
Boundary Value Problem) we aim to investigate in this paper is the so called Wave 
equation with dissipative boundary conditions, namely the problem 

p(x)u(t, x) + Au(t, x) = 0; (t, x) E [0, oo) x n 
u(t,s)=O; (t,s)E[O,oo)xr 

o-(s)u(t, s) + Eu(t, s) = 0; (t, s) E [0, oo) x :E 

u(O, x) = u0 (x) , u(O, x) = v0 (x); x En. 

(1.1) 
(1.2) 

(1.3) 

(1.4) 

As a concrete example we could consider the case p = 1 inn, a-= const. > 0 on :E, 
A= -A and E = ajav, where ajav denotes the derivative along the outer normal 
vector field v on an. The dissipative boundary condition (1.3) arises naturally 
in some optical and acoustical problems, cf. [2). In order to get an idea of what 
happens to a wave after reflection on the boundary part :E the reader may consider 
solutions of the form u(t, x) = f(x- t) + g(x + t) in the case of one space variable 
and for (A, E) as in the previous example. 

More generally, we consider coefficients and differential operators as follows. Let 

aij E C1 (D,R); i,j = 1, ... ,n be suCh that 

aij = ajij i,j = 1, ... ,n and aij(x)eiej ~ aolel2 ; x En, e = (ei) ERn 

for some constant ao > 0 

(we use the summation convention throughout). For abbreviation, we write a(x) 
for the symmetric n X n-matrices (aij(x)h~i,j~n and a for the function [x H a(x)). 
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