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1. Introduction. In this paper, we study first-order Hamilton-Jacobi equations
in a bounded smooth domain 2 of a Hilbert space X, with the Neumann boundary
condition

H(z,Vuy(z)) + Mup(z) — f(x) =0 in Q, (1)
(Vup(z),n(x)) =0 on 09, (2)

where \ is a positive number, uy(z) is a scalar function on Q, Vu, denotes the
Fréchet derivative of uy, H is a given continuous function on € x X—called the
Hamiltonian—and f is a continuous function in .

Our aim is to analyze the convergence of the term Auy(z) as A — 0; in fact,
for some class of the Hamiltonians H, Auy(x) converges to a unique value d which
depends on H and f. Such results were obtained by P.L. Lions in [6] when Q is
a bounded domain in RY by the viscosity solutions theory, under the following
condition on H

H(z,p) / o0 as |p| — oo uniformly in x € Q. (3)

The study of the convergence of \uy — d (for each f) is very much related to the
so-called ergodic problems (long time average control problems; see [1], [6]). In view
of the recent research concerning Hamilton-Jacobi equations in infinite dimensional
spaces, initiated by M.G. Crandall and P.L. Lions (see [3]), a natural question is
then to extend the results in [6] to our case.

Thus, in the following, we shall establish the uniqueness and the existence of
(1)-(2), by the Perron’s method which is available in the infinite dimensional space
(see Ishii [5]; in which he treated the case 2 = X). After that, we will show
the convergence of \uy(z) to a unique number d, under the same assumption (3)
as in [6]. So, roughly speaking, the system corresponding to H has the “ergodic
property”. However, what is different from the case of the finite dimensional space
is that, in spite of the uniform Lipschitz continuity of uy (i.e., 3L > 0 such that
|[Vuy| < L for any A € (0,1]), we do not know if vy = uy — ux(zo) (zo is an
arbitrary fixed point in ) converges uniformly to a function or not, because of the

Received for publication May 1994.
AMS Subject Classifications: 35F, 46N, 49L.

59



