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Abstract. We discuss the question of whether the addition of diffusion and no-
flux boundary conditions to a reaction mechanism can cause finite time blow-up.
We give an example with memory for which this is the case, and give an example
without memory which might stimulate further work in this area.

1. Introduction. A long-standing question in the theory of differential equa-
tions asks whether the addition of diffusion in a reaction mechanism can cause
blow-up in finite time. More specifically, does there exist a locally Lipschitz vec-
tor field f:R™ — R™, a positive definite diagonal m x m matrix D and a smooth
function uo: [0,1] — R™, such that for all yo € R™, solutions of

y'(t) = f(y(t), y(0)=yo, t>0 (1.1)
exist for all time, but the solution of

ug = Dugz + f(u), t>0, 0<zr<1
ug =0, t>0, z=0,1 (1.2)

U = U, t=0, 0<z<1

blows-up in finite time? When certain invariant region or Lyapunov-type assump-
tions are made, then the question has been resolved to the negative (cf. Bates [1],
Hollis, Martin, Pierre [4], Morgan [5]). Also, when m = 1 or monotonicity assump-
tions are imposed on f, then the theory of super or sub solutions can be used to
resolve this question to the negative (cf. Czischke [2], Pao [6], Hollis [3]). The only
positive results to date are those for which boundary feed terms (via nonhomoge-
neous Dirichlet boundary conditions) replace the no-flux boundary conditions for
select components of (1.2) (cf. Hollis [3]). Of course, in this case, solutions of (1.1)
are no longer solutions of (1.2), and the boundary feed mechanism aids the finite
time blow-up.

Perhaps one reason why this question remains unresolved is a lack of understand-
ing of the fragile nature of global existence. In a recent conversation with R.H.
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