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Introduction. It has been observed ([2], [3]) that, for a C' function bounded
from below on a Banach space, the Palais-Smale condition implies coercivity. Our
aim in this note is to generalize this result under weaker regularity assumptions and
to consider the coercivity of |¢| when ¢ is not bounded from below.

Our main tool is Ekeland’s variational principle which we recall now:

Theorem 1. [1]. Let X be a complete metric space and let ¢ : X — (—o0, o] be a
lower semi-continuous function such that infx ¢ € R. Let ¢ > 0 and u € X be given
such that ¢(u) < infx ¢ + €. Then, for every A > 0, there exists v € X such that

i) ¢(v) < é(u)
i) du,v) <1/A
iil) ¢(w) > ¢(v) — Aed{w,v), Vw # v.

1. Coercivity of ¢. Let X be a Banach space. A Gateaux differentiable function
¢ : X — R satisfies the Palais-Smale condition if every sequence (u,) such that
(¢(uy)) is bounded and ¢'(u,) — 0 contains a convergent subsequence. A function
¢ : X — R is coercive if ¢p(u) — +oo as |u] — oo.

Theorem 2. Let X be a Banach space and let ¢ : X — R be a Gateaux differen-
tiable lower semi-continuous function satisfying the Palais-Smale condition. If ¢ is
bounded from below, then ¢ is coercive.

Proof: Assume on the contrary that

c= lim ¢(u) €R.
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