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Abstract. In relation to the question of stability of matter, Lieb and Thirring have given 
a remarkable improvement of Sobolev-Gagliardo- Nirenberg inequalities for finite families of 
functions which are orthonormal in L2 (Rn). These inequalities have also found utilization in 
the study of the dimension of the attractors associated with dissipative parabolic equations, 
in particular Navier-Stokes equations in a bounded domain with zero boundary conditions, 
where they have led to sharp estimates on this dimension. The generalizations that we 
propose here are partly motivated by the study of other equations of fluid mechanics for 
which the previous inequalities do not apply. Our extensions are made possible, in particular, 
by the fact that we replace the global condition of orthonormality in L 2 (Rn) by a local one 
which is called suborthonormality condition (this concept is defined hereafter). We are hence 
able to consider arbitrary boundary conditions; we can also consider higher order derivatives 
and vector valued functions. The last Section of the paper contains some applications to 
viscous incompressible fluid flows which illustrate some of the generalized inequalities. 

1. Introduction. In relation to the question of stability of matter, Lieb and Thirring 
[19] have proved a remarkable improvement of Sobolev- Gagliardo-Nirenberg inequalities for 
a finite family of functions which are orthonormal in L 2 (Rn). 

Let p 1 , ... , lPN be a finite family offunctions in H 1 (Rn) which are orthonormal in L2 (Rn) 
i.e. 

{ Pi Pi dx = Oi i , 
}Rn 

15,i,j5,N. ( 1.1) 

According to the extension of the Sobolev-Gagliardo-Nirenberg inequalities due to Lieb and 
Thirring [19] (see also Cwickel [6]), for every p satisfying max(1, n/2) < p 5: 1 + (n/2), 
there exists a constant K = K( n, p) independent of N and of the pj's such that 

[ 
{ (~ 2 )p/(p-l) ]2(p-l)/n ~ { ~ (o<p1)2 

JF n L...,.Pi(x) dx 5: K L...,. }Rn L...,. OXi dx. 
R j=l J=l '=1 

(1.2) 

Besides its initial motivation for the stability of matter, this inequality has played an im­
portant role in the estimate of the trace of certain linear operators arising in the study of 
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