
Differential and Integral Equations, Volume 5, Number 2, March 1992, pp. 281-305. 

BEHAVIOR OF DIRECTIONS OF SOLUTIONS OF 

DIFFERENTIAL EQUATIONS 

KRZYSZTOF WYSOCKI 

School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332 

(Submitted by: A.R. Aftabizadeh) 

Abstract. Let J( be a cone with non empty interior k in a Banach space X and f : IIi+ x J( -+ 
X be positively homogeneous of degree 1. Denote by x(t, ~) the solution of x' = f(t, x) such 
that x(O, {) = f In this paper we are interested in what further conditions on f imply that 

for any {o,{I E k one has 11 11 :~!:~~lll 11:f!th II-+ 0 as t-+ oo. The results are obtained via 
Hilbert's projective metric. These results are applied to the case when J( is a standard cone 
in Din and f belongs to the class M which arises in some models from population biology. 

Introduction. Let J( be a cone with nonempty interior k in a Banach space 
X. Let f: IR+ x J(---+ X and x(t,~) denote a solution of x' = f(t,x) such that 

x(O) = ~- By a direction of the solution x(t, 0 we will mean a vector 11:/::g11 . We 

will be interested in the bevavior of 11 :i!:~\ 11 as t---+ oo. In general one cannot expect 
that directions converge to some point of the cone but one can ask a question when 
f · C C T.·. th d" t" x(t,~o) d x(t,~,) b h · · "l or any two pomts <,O, <,1 E 1\. e 1rec wns llx(t,~o)ll an llx(t,~t)ll e ave m a Slffil ar 
way. For example, what conditions on f imply that 

x(t,~0 ) x(t,6) · 
llllx(t,~o)ll- llx(t,6)1111---+ 0 for all ~~,6 E K. 

If f(t, ·) = A(t) and A(t) is an essentially nonnegative matrix this question was 
treated in [1], [2] (see also [13]). Birkhoff and Kotlin proved that if there are irre­
ducible matrices Band C such that B :::; A(t) :::; C then the solutions are eventually 

positive and 11 11:/!\ 11 - ll~i:\ 11 11 ---+ 0 for any solutions x(t), y(t). Our motivation for 
studing this problem comes from some models from population biology. In popula­
tion biology literature such results are called "weak ergodic theorems". 

We would like to mention that there is an enormous amount of work in the dis­
crete version of this problem. For the case of linear operators in finite dimensional 
spaces, the asymptotic behavior of products of matrices AnAn_1 ···An have been 
investigated in the theory of Markov chains and in the theory of nonnegative matri­
ces. Recently Nussbaum (see [9] and references therein) investigated the behavior 
of Fn where Fn = fn o fn-1 ···oft and /; : J( ---+ J( are homogeneous of order 1 
and order-preserving. 
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