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Abstract. This article is concerned with symmetry properties of the solutions of the
reaction-diffusion equation Au + f(u) = 0 in a bounded connected domain Q in RN (N =
2,3,...). Of especial interest are nonlinear source terms f of the type f(u) = u? — u? with
0 < g < p < 1. Two results are presented. The first result concerns the solution of a free
boundary problem, where the domain  is unknown and u and its normal derivative 8,u
are required to vanish on the boundary Q of Q. It is shown that, if f is the sum of a
continuous nondecreasing function and a Lipschitz continuous function on [0, c0), then the
free boundary problem does not have a positive solution unless 2 is a ball; in this case,
any positive solution is radially symmetric around the center of the ball and decreasing
with the radial distance from the center. The second result concerns the solution of the
Dirichlet problem on a ball in RN, when the nonlinear source term f is continuous, but not
necessarily Lipschitz continuous at 0. It is shown that, if f is the sum of a locally Lipschitz
continuous function on (0, 00) that is nonincreasing near 0 and a function that is Lipschitz
continuous on [0, 00), then any positive solution u is radially symmetric around the center
of the ball and decreasing with the radial distance from the center.

1. Statement of the problem. In this article we present two symmetry results
for positive solutions of the reaction-diffusion equation

Au+ f(u’) =0, z€Q, (11)

where Q is a bounded connected domain in RN (N = 2,3,...). In the first problem,
Q is not specified, but both u and its normal derivative 8,u are required to vanish
on the boundary 0 of . In the second, 2 is a ball in RY, and u is required to
vanish on the boundary of the ball.

The first problem would clearly be overdetermined if Q2 were specified. However,
as  is left unspecified, the extra degree of freedom may be enough to allow for a
solution—which, in this case, consists of the pair (2,u). We refer to this problem
as the free boundary problem. Of particular interest is the question of whether a
solution of the free boundary problem, if it exists, has any symmetry properties.

Received April 1992, in revised form November 1992.

*This work was supported by the Applied Mathematical Sciences subprogram of the Office of
Energy Research, U.S. Department of Energy, under Contract W-31-109-Eng-38.

tPermanent address: Department of Mathematics, University of Rochester, Rochester, NY
14620. Supported in part by the National Science Foundation Grant DMS-8903192-A01.

AMS Subject Classifications: 35J25, 35J65, 35R35.

1045



