
Differential and Integral Equations, Volume 7, Number 2, March 1994, pp. 367-382. 

VISCOSITY SOLUTIONS OF MONOTONE SYSTEMS 

FOR DIRICHLET PROBLEMS 

MARKOS KATSOULAKIS* 

Department of Mathematics, Carnegie-Mellon University, Pittsburgh PA 15213 

SHIGEAKI KOIKEt 

Department of Mathematics, Saitama University, Shimo-Ohkubo, Urawa, Saitama 338 Japan 

(Submitted by: M.G. Crandall) 

Abstract. We prove the existence of viscosity solutions for monotone elliptic systems of 
2nd order fully nonlinear PDEs with generalized Dirichlet boundary condition. For such 
systems, a comparison principle is not always available. 

1. Introduction. In this paper we consider the following system of second-order 
fully nonlinear PDEs: 

where n is a bounded open set in ~n, F = (Fl, 0 0 0 'Fm): n X JR.ffi X Rn X §n -t JR.ffi 
is given and u = (ul, 0 0 0 'Um) : n -t JR.ffi is an unknown function. Here §n denotes 
the space of symmetric matrices of order n. 

Throughout this paper we will assume that F is monotone in the sense of Ishii 
[4]; see also Ishii-Koike [6). We note that our monotone condition holds not only 
for a switching game and weakly coupled systems but also for a system which has 
no comparison principle. For these examples we refer to [6) and [4). 

In [6) we obtained the existence and uniqueness of continuous viscosity solutions 
of (1.1) under suitable hypotheses. We remark that the proof of the existence of 
continuous viscosity solutions in [6) was done via Schauder's fixed point theorem. 
Recently, Ishii in [4) has shown that Perron's method gives an existence result for 
the monotone system. 

On the other hand, in order to study boundary value problems, Ishii in [5) pointed 
out that we should treat not only the equation but also the boundary condition in 
the viscosity sense, especially for degenerate elliptic PDEs. For the details we 
only refer to "User's Guide" [2) and its references. For the monotone system, re­
cently, Koike in [9] has obtained the uniqueness of continuous viscosity solutions 
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