
Commun. Math. Phys. 142, 217-244 (1991) Communications IΠ

Mathematical
Physics

© Springer-Verlag 1991

A Mathematical Approach to the Effective Hamiltonian
in Perturbed Periodic Problems

C. Gerard1, A. Martinez2 and J. Sjδstrand3

1 Centre de Mathematiques, Ecole Polytechnique, F-91128 Palaiseau Cedex, France
2 Universite de Paris-Nord, Departement de Mathematiques, Av. J.B. Clement, F-93430
Villetaneuse, France
3 Universite de Paris-Sud, Departement de Mathematiques, F-91405 Orsay Cedex, France

Received April 5, 1990; in revised form April 1, 1991

Abstract. We describe a rigorous mathematical reduction of the spectral study for
a class of periodic problems with perturbations which gives a justification of the
method of effective Hamiltonians in solid state physics. We study the partial
differential operators of the form P = P(hy,y,Dy + A(hy}} on R" (when h>0 is
small enough), where P(x, y, η) is elliptic, periodic in y with respect to some lattice
Γ, and admits smooth bounded coefficients in (x,y). A(x) is a magnetic potential
with bounded derivatives. We show that the spectral study of P near any fixed
energy level can be reduced to the study of a finite system of /i-pseudodifferential
operators ^(x, hDx, h\ acting on some Hubert space depending on 7". We then
apply it to the study of the Schrδdinger operator when the electric potential is
periodic, and to some quasiperiodic potentials with vanishing magnetic field.

Introduction

The purpose of this paper is to give a rigorous mathematical treatment of an
approximation widely used in solid state physics, namely the method of the effective
Hamiltonian.

Let us briefly describe the essential ideas of this method: a typical problem to
which this approximation is applied is the motion of an electron in a periodic
crystal with a small external magnetic field. This problem is described by the
following Hamiltonian:
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H = Σ(Dy. + Aj(hy))2 + V(y), (0.1)
1

where V is a real potential, /"-periodic for a lattice Γ in 1R3 describing the periodic
crystal, and A(x) is a function from R3 into R3* (in other words a 1-form), which


