
Communications in
Commun. Math. Phys. 124, 169-215 (1989) Mathematical

Physics
© Springer-Verlag 1989

The Inverse Backscattering Problem in Three
Dimensions

G. Eskin and J. Ralston, UCLA
Department of Mathematics, University of California, Los Angeles, CA 90024, USA

Abstract. This article is a study of the mapping from a potential q(x) on R3

to the backscattering amplitude associated with the Hamiltonian — A + q(x).
The backscattering amplitude is the restriction of the scattering amplitude
α(0,ω,fc),(0,ω,/c)eS2xS2xlR + , to a(θ,-θ,k). We show that in suitable
(complex) Banach spaces the map from q(x) to α(x/|x|, -x/|x |, |x |) is usually
a local diffeomorphism. Hence in contrast to the overdetermined problem of
recovering q from the full scattering amplitude the inverse backscattering
problem is well posed.

This article is a study of the mapping from a potential on R3 to its quantum
mechanical scattering amplitude. The scattering amplitude associated with a
potential q(x) can be described as follows. One assumes that for each k> 0 and
each ωsS2,

has a unique solution of the form exp (ikω-x) + υ(x9 ω, k) such that v = lim υε9 where
εjO

vε is the square-integrable solution of

- Δvε + qυe ~{k + iε)2vε = - eikωxq. (I.I)

Much work has been devoted to showing that, under general hypotheses on
q,v(x,ω,k) exists and is unique (see Agmon [1], and the references given there).
When qeCo(R3) and hence Δv + /c2t;eQ?(R3), it is an elementary consequence of
(I.I) that

1 eW*-y\
v(x) = - — J" -(A + k2)v(y)dyi and hence

4 π R3 \χ — y\

1)) (1.2)

as [x|->oo. The function a(θ,ω,k) on S2 x S2 x R+ is known as the scattering
amplitude. If we replace functions in (1.2) by their Fourier transforms, we have


