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Abstract. For quantum spin systems on a lattice of an arbitrary dimension, the KMS
condition and the variational principle are shown to be equivalent at an arbitrary tempera-
ture for translationally invariant states.

§ 1. Main Result

The KMS condition and the variational principle are known to be
equivalent for classical spin lattice systems [8]. The equivalence has
been shown also for quantum spin lattice systems when either the
dimension of the lattice is one or the temperature is high [7]. We shall
prove the equivalence for any spin lattice system at arbitrary non-zero
temperature.

We use the same notation as in [7]. The assumption on the interaction
potential Φ(I) is as follows:

(i) Translational covariance: Φ(I + a) = τ(a) Φ(l).
(ii) Finite-body interaction: Φ(I) = 0 if N(/)^AΓ0 for some No.

(iii) Relatively short range: | |Φ| |= £ ||Φ(J)||/N(J)<αo.
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For a state ψ of the C*-algebra 91 (of quasi-local operators) and a
finite subset A of the lattice, ψΛ denotes the restriction of ψ to 9ί(/L)
(the local subalgebra) and ρ^ denotes the density matrix for ψΛ:

2) for all <2e9I(Λ). (1.1)

The variational principle at the inverse temperature β is satisfied
by a translationally invariant state ip of 91 if

s(y>) - βψ{A) = P = lim N ( Λ Γ x log tr(e-βJJ{Λ)) (1.2)

where s{ψ) is the mean entropy of the state ψ:

- l imN(/l)- 1

φ (logρ^), (1.3)
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