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Abstract: We extend to hyperbolic flows in all dimensions Rugh’s results on the
meromorphic continuation of dynamical zeta functions. In particular we show that
the Ruelle zeta function of a negatively curved real analytic manifold extends to a
meromorphic function on the complex plane.

In this paper we address a problem Smale poses in his survey article on dynamical
systems ([Sm], 11.4): given an isolated, compact, hyperbolic set 2 for a flow ¢ on a
manifold M, find a meromorphic function on C which admits the product expansion

R(z) = [(1 — e=/t")

for Rez > 0, where y runs over the periodic trajectories in £ of multiplicity 1 and
Z(y) denotes the period of y. The theorem in Sect.7 does this for ¢ a C® (real
analytic) flow.

In fact we meromorphically extend any “zeta function in one variable for (€2, ¢)”
to C. A precise definition is given at the end of Sect. 6, with a discussion which
shows how it includes all the usual examples. In particular we treat Selberg’s zeta
function S(z) for a cocompact Fuchsian group I', where Q = I'\PSI(2,R) and ¢,
is given by right multiplication by the one parameter group diag (e”?,e~%?), and
where S(z) is defined as

S(z) =REZ)R(z + DRz +2)... .

In [Se], Selberg uses his trace formula to meromorphically extend S(z). Hence
R(z) = S(z)/S(z + 1) also has a meromorphic extension in this case, which moti-
vated Smale’s problem.

This paper combines the methods of a seminal paper of Ruelle with an inno-
vative idea of Rugh. Ruelle’s paper [R1] concerns the case where the stable and
unstable bundles E*, E* of ¢,|Q extend to C® bundles on a neighborhood of Q.
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