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Abstract: With a plane closed convex curve, T, we associate two area preserving
twist maps: the (classical) inner billiard in 7" and the outer billiard in the exterior of
T. The invariant circles of these twist maps correspond to certain plane curves: the
inner and the outer caustics of 7. We investigate how the shape of T’ determines
the possible location of caustics, establish the existence of open regions which are
free of caustics, and estimate from below the size of these regions in terms of the
geometry of 7.

Introduction

A closed convex curve, T C R?, in the Euclidean plane defines two natural dyna-
mical systems: the classical billiard ball map, ¢7 (inside T'), and the “outer billiard,”
Yr, in R*\int(7'). The phase space, ® = @, of the inner billiard is the space of
directed straight lines (rays) intersecting 7. The phase space, ¥r, of the outer
billiard map is the set of points in the exterior of 7. With a natural choice of
coordinates in the phase space, both billiards are area preserving twist maps.

Invariant circles for these twist maps correspond to certain geometric objects.
In the case of ¢r these are the caustics of 7' (famous in the geometric optics).
A caustic, y C int(7'), corresponding to an arbitrary invariant circle I" may have a
complicated structure. For instance, the jumps of the tangent direction for I" corres-
pond to the discontinuities of y. In particular, these caustics are not convex. There
are other types of nonconvex caustics. For instance, the equator of @7, for a table
T of constant width, is an invariant circle. The corresponding caustic is not convex
(unless 7T 1s circular). In Sect. 1 where we deal with the inner billiard map, we
restrict our setting to the convex caustics. The present techniques do not work
without this assumption.

If a caustic y is convex, then it is simply the envelope of the correspond-
ing family, I', of rays. For sufficiently smooth tables T" a necessary and sufficient
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